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SUMMARY

EHLERT, F. J., W. R. ROESKE, AND H. I. YAMAMURA. Mathematical analysis of the
kinetics of competitive inhibition in neurotransmitter receptor binding assays. Mol.

Pharmacol. 19:367-371 (1981).

The kinetics of competitive inhibition was described by first-order differential equations,
and the solution to these equations was derived numerically. The results of this analysis
showed that the ICs of a competitive inhibition curve decreases as equilibrium is
approached if the dissociation rate constant of the nonlabeled ligand is equal to or less
than that of the labeled ligand. The converse was true for competitive inhibition curves
of a nonlabeled inhibitor with a dissociation rate constant greater than that of the labeled
ligand. Nonequilibrium competitive inhibition experiments were performed using the
muscarinic antagonist and agonist ligands, [’ H]quinuclidinyl benzilate and [*H]cis-meth-
yldioxolane, and results consistent with the theoretical predictions were observed.

INTRODUCTION

The mathematical theory for the kinetics of drug-re-
ceptor interactions and RIA® has been developed by
several investigators (1-3). However, no extensive study
of the kinetics of competitive inhibition in neurotrans-
mitter receptor binding assays has been described. The
conditions for such binding assays often involve compe-
tition between radiolabeled and nonlabeled drugs having
different affinities. These conditions are uncommon in
RIA experiments in which competition between the same
labeled and nonlabeled ligand usually occurs. The kinet-
ics of competitive inhibition in RIA, for competition
between ligands having the same affinity, has been de-
scribed by Rodbard et al. (4).

In the present report, we have described the kinetics
of competitive inhibition in terms of first-order differen-
tial equations and have used computer simulation tech-
niques to predict the shape of a competitive inhibition
curve under nonequilibrium conditions. This analysis
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shows that the ICs, of a competitive inhibitor changes as
equilibrium is approached. The direction of the change
in ICs is dependent upon the ratio of dissociation rate
constants (k-1/k_2) of the two competing ligands. A
recent mathematical analysis by Aranyi (5), describing
the kinetics of competitive inhibition of ligands having
different affinities, is consistent with the theoretical re-
sults of the present study. We have also performed
nonequilibrium competitive inhibition experiments using
the specific muscarinic agonist and antagonist affinity
labels, [*H]CD and [3H]QNB and have obtained binding
data which are generally consistent with the computer
simultation analysis. The results of our analysis are not
intuitively obvious and suggest caution in designing and
interpreting competitive inhibition experiments.

METHODS

Kinetic theory of competitive inhibition. In the follow-
ing analysis a simple bimolecular interaction of radiola-
beled ligand (X) and competitive inhibitor (I) with the
receptor (R) is assumed:

X+R%XR )
ke
I+RZ IR @

where k), k_,, k;, and k-, are the reaction constants
whereas XR and IR are ligand receptor complexes for X
and I, respectively. Equations 1 and 2 give rise to the
0026-895X/81/030367-06$02.00/0
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familiar equilibrium expressions:
K, = k-1/k = [X][R]/[XR] 3
K= k_2/k: = [I][R]/[IR] @

where K, and K; are the equilibrium dissociation con-
stants of X and I. Equations 3 and 4 can be solved
analytically to give an equation which expresses the
amount of X bound at equilibrium in the presence of the
competitive inhibitor I:

[XR] = [X][Rr)/[X] + K1 + [I)/ K)) ®)
[Rr]=[R] + [XR] + [IR] (6)

The net rates at which ligand receptor complexes form
are given by the following differential equations:

d[XR]/dt = k[X][R] — k-1[XR] ™
dlIR}/dt = k[ I)[R] — k[ IR] ®)

The net rates at which the free ligand concentrations
are depleted during the binding assay are given by the
following differential equations:

d[X]/dt = —=k\[X][R] + k[ XR] 9)

d[I]/dt = —kJ[I][R] + k-o[IR] (10)

The following conservation of mass equations also
apply:

[XT] = [X] + [XR] (11)

[Ir] = [I] + [IR] (12)

where [X7] and [I7] are the total concentrations of X
and I. Equations 6-12 were solved numerically by Euler’s
method (6) so that theoretical competitive inhibition
curves could be derived for nonequilibrium conditions.
This procedure assumes that the rate of ligand binding
is constant over a small time increment (¢.+; — ¢). This
assumption allows the amount of ligand bound during
the time increment to be calculated. The values of [R],
[X] and [I] are then readjusted by the conservation of
mass equations (Egs. 6, 11, and 12), and the process is
repeated until equilibrium is reached (d[XR]/dt =
d[IR]/dt = 0).

For a more precise description of this method, we can
assume that Eqs. 7-10 are of the form

dy/dt = f(t,y) (13)

To determine the free drug concentration or the amount
of ligand bound (y) at any time point (¢, = Y, &), the
following iteration is performed:

Yirr = yi + f(ti, yi) (i1 — t;) (14)

This iteration begins with initial conditions of y, = 0 and
to = 0. The initial values of the total drug and total
receptor concentrations are given below. Note that Eq.
14 represents the first two terms in a Taylor’s series
expansion of y. By using a very small time interval (¢4,
— t;) so that the derivatives are nearly constant over the
interval, the computations are reasonably accurate if an
adequate computer is used.

Binding assays. Rat forebrain hamogenates were pre-
pared from male Sprague-Dawley rats weighing 150-200

g. The forebrain (telencephalon and diencephalon) was
homogenized in 10 volumes of 0.32 M sucrose with a
Potter Elvehjem glass homogenizer and Teflon pestle.
The crude homogenate was homogenized at 1,000 X g for
10 min and the pellet was discarded. The supernatant
(S1) was centrifuged at 17,500 X g for 20 min. This
supernatant was discarded, and the pellet (P;) was re-
suspended with a Polytron in 50 mmM sodium-potassium-
phosphate buffer, pH 7.4.

The specific binding of [PH]QNB (29.4 Ci/mmole; New
England Nuclear Corporation, Boston, Mass.) was deter-
mined according to the procedure of Yamamura and
Synder (7) with minor modifications. In the standard
assay, approximately 50 ug of protein of forebrain ho-
mogenate were incubated with 0.8 nm [PHJQNB and
various concentrations of competitive inhibitors in a final
volume of 6 ml of 50 mM sodium-potassium-phosphate
buffer, pH 7.4. Specific [’HJQNB binding was calculated
as total binding minus that occurring in the presence of
10 uM atropine. Incubations were carried out at 37° for
the times indicated under Results.

[’H]CD was custom-tritiated by Dr. Richard Young of
New England Nuclear Corporation to a specific activity
of 36.1 Ci/mmole. Specific ["H]CD binding was measured
essentially as described previously (8). Approximately
300 ug of protein of forebrain homogenate were incubated
with 15 nM [*H]CD and various concentrations of com-
petitive inhibitors in a final volume of 2 ml containing 50
mM sodium-potassium-phosphate buffer. Assays were
performed in triplicate, and specific binding was defined
as the difference between measurements made in the
presence and absence of 10 uM atropine. Incubations were
carried out at 37° for the times indicated under Results.
Following the incubations at 37°, the assay tubes were
placed in an ice bath for 10 min. Subsequently the tubes
were centrifuged at 27,000 X g for 10 min at 0°, and the
supernatants were discarded. The pellets were superfi-
cially washed with two 3-ml aliquots of ice-cold 0.9%
NaCl solution and solubilized with 300 pl of tissue solu-
bilizer (NCS, Amersham/Searle Corporation, Arlington
Heights, Ill.). The radioactivity of each sample was de-
termined by liquid scintillation spectroscopy.

RESULTS

Theoretical predictions. Equilibrium and pre-equilib-
rium competitive inhibition curves were computed for
the binding of a radiolabeled drug in the presence of
various concentrations of a nonlabeled drug of equal or
different affinity. For this analysis, the rate constants of
the labeled drug were assigned values equal to those
determined for ["H]JQNB in a previous report (9) (k; =
1.03 X 10° M min~’, k-, = 2.45 X 102 min™"). In some
instances, the value of k-, was increased by a factor of
10. The total concentration of receptors was arbitrarily
given a value of 2.5 pM. The rate constants (%2, 2_;) of
the nonlabeled drug were assigned values 10 times greater
than, 10 times less than, and equal to the corresponding
values of &k, and k_,. Theoretical competitive inhibition
curves for all combinations of rate constants are shown
in Fig. 1. When the dissociation rate constant of the
nonlabeled drug was equal to or less than the dissociation
rate constant of the radiolabeled drug, the competition
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F16. 1. Kinetics of competitive inhibition
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Theoretical competitive inhibition curves were calculated numerically for pre-equilibrium (®) and equilibrium (O) conditions, corresponding
to incubation times of 10 and 130 min, respectively. The binding values are expressed as a percentage of the maximal amount of labeled ligand
binding which occurs in the absence of the nonlabeled inhibitor at the times indicated above. The concentration of the labeled ligand was either
0.08 nM (A, C) or 0.8 nM (B). The association rate constant of the labeled ligand (k;) was always 1.03 X 10° M~' min~'. The dissociation rate
constant of the labeled ligand (k-,) was either 2.45 X 102 min™' (A, C) or 2.45 X 10~' min~' (B). The association rate constant of the nonlabeled
ligand (k) was assigned values of &k, (A, Bi, Ci), 0.1k, (Aii, Bii, Cii), and 10k, (Adii, Biii, Ciii). The dissociation rate constant of the nonlabeled

ligand (k-.) was assigned values of k-, (4), 0.1k_, (B), and 10k_, (C).

curve shifted to the left as equilibrium was approached
(Fig. 1, Ai-Aiii, Bi-Biii). These shifts in the competition
curves were independent of the association rate con-
stants. In contrast, when the dissociation rate constant
of the nonlabeled drug was greater than that of the
labeled drug, the competition curve shifted to the right
as equilibrium was approached (Fig. 1, Ci-Ciii). Once
again, the shift in the competition curve was independent
of the association rate constants.

The accuracy of the numerical method was tested by
comparing the equilibrium binding values shown in Fig.
1 with the binding values calculated by using the com-
petitive inhibition equation, Eq. 5. For this comparison,
the free concentration of the labeled drug was assigned
a value equal to its concentration at the ICs, point of the
competition curve. When this comparison was made,
results accurate to three decimal places were obtained.
Also, when the time increment (¢:+1 — ;) for solving the
differential equations was reduced by a factor of 0.1, the
same values were computed for all pre-equilibrium con-
ditions.

The theoretical time course of the kinetics of compet-
itive inhibition is shown in Fig. 2, which illustrates the
inhibition of radiolabeled drug binding produced by a
nonlabeled drug at its ICs, concentration. For this anal-
ysis, the association rate constants of the labeled and
nonlabeled drugs were assigned equal values, whereas
the dissociation rate constants varied. As shown in Fig.
2, when the dissociation rate constant of the nonlabeled
drug was equal to or less than that of the labeled drug,
the percentage inhibition of radiolabeled ligand binding
increased as equilibrium was approached, whereas the
converse was true for a nonlabeled drug having a larger
dissociation rate constant.

Effect of incubation time on the competitive inhibition
of [*H]QNB and [*H]CD binding. Figure 3 shows the
effects of incubation time on the competitive inhibition
of [P'H]QNB binding by atropine and oxotremorine. In-
creasing the incubation time from 10 to 60 min increased
the ICs values of atropine and oxotremorine from 3.0 nm
and 2.8 uM to 16 nM and 13 uM, respectively. Thus, an
apparent 5-fold reduction in the affinity of atropine and
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F16. 2. Effect of incubation time on the competitive inhibition of
3H.labeled ligand binding by a nonlabeled inhibitor

The percentage inhibition of *H-labeled ligand binding caused by a
nonlabeled inhibitor at its ICs concentration is plotted as a function of
time. Theoretical binding values were computed numerically. For this
analysis, the association rate constants (&, k) of the labeled ligand
and nonlabeled competitive inhibitor were assigned the same value
(1.03 % 10° M~' min™'). The dissociation rate constant of the labeled
drug (k-,) was either 2.45 x 10~? min™' (O, A) or 2.45 X 10! min™'
(@). The dissociation rate constant of the nonlabeled inhibitor (k_,)
was assigned values of k_, (O), 0.1k_, (A), and 10k_, (O). The concen-
trations of nonlabeled inhibitor were 0.1 nM (O), 0.1 nM (A), and 1.0 nM
0.

oxotremorine occurred as the incubation time was ex-
tended. In contrast, the results of QNB/[’H]QNB com-
petitive inhibition experiments revealed a small reduc-
tion in the ICs of QNB, from 1.3 to 0.80 nM, as the
incubation time increased from 5 to 60 min (Fig. 4A). A
similar time-dependent reduction in the QNB IC5 was
seen in QNB/[*H]CD competition experiments (Fig. 4B).
In these studies, the ICs, of QNB decreased from 1.6 to
0.6 nM as the incubation time increased from 10 to 60

-

we [ru)
Fi1G. 3. Effect of incubation time on the competitive inhibition of
[*H]QNB binding by atropine (O) and oxotremorine (A)
Incubations were carried out for 10 min (@, A) and 60 min (O, A).
Mean binding values + standard error of the mean of four experiments
are shown.
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F1G. 4. Effect of incubation time on the competitive inhibition of
[*H]QNB and [*H]CD binding by QNB

A. The competitive inhibition of [*HJQNB binding by QNB was
determined after 5-min (@) and 60-min (O) incubations. Mean binding
values + standard error of the mean of four experiments are shown.

B. The competitive inhibition of [P"HJCD binding by QNB was
determined after 10-min (A) and 60-min (A) incubations. Mean binding
values + standard error of the mean of four experiments are shown.

DISCUSSION

In a study of the kinetics of competitive inhibition in
radioligand assays, theoretical calculations and experi-
mental results showed that a competitive inhibition curve
shifts to the left as equilibrium is approached if the
labeled and nonlabeled ligands are the same (4). The
mathematical analysis in this report is consistent with
these previous findings and also describes cases in which
the two competing ligands have different affinities. Our
numerical simulations, the results of which are dependent
on the initial conditions of the calculations, suggested
that the shift of a competition curve was dependent on
the ratio of dissociation rate constants of the two com-
peting ligands. When the dissociation rate constant of
the labeled ligand was less than or equal to that of the
competing ligand, the competition curve shifted to the
left as equilibrium was approached whereas the converse
was true when the dissociation rate constant of the
nonlabeled ligand was greater than that of the labeled
ligand. However, since we did not examine all possible
combinations of initial conditions, we are unable to con-
clude whether the time-dependent shift of a competition
curve is solely dependent on the ratio of dissociation rate
constants of the two competing ligands. However, the
agreement of the present numerical calculations with
previous experimental results (10) and analytical results
(5) supports the contention that the shift of a competition
curve which occurs as equilibrium is approached is pri-
marily dependent on the ratio of dissociation rate con-
stants of the ligands.

In the present study, the results of the ligand/[°H]-
QNB and ligand/[*H]JCD competition experiments can
be rationalized in terms of the rate constants of the
competing ligands and the theoretical predictions de-
scribed above. Binding studies (7, 9) have shown that the
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affinities of atropine and oxotremorine are less than that
of QNB, a property which is due most likely to the slow
rate of dissociation of QNB as compared with the other
compounds. The results of atropine and oxotremorine/
[P(H]QNB competition experiments showed that the com-
petition curve shifts to the right as equilibrium is ap-
proached, which is consistent with the kinetic analysis.
In contrast, a small time-dependent shift to the left in
the QNB/[P’H]QNB competition curve was observed
which is also in agreement with the mathematical pre-
diction for competition experiments involving the same
labeled and nonlabeled ligands. In previous studies of the
characterization of [’H]CD binding (8, 11), we noted that
the affinity of [*(H]JCD for muscarinic receptors is much
less than that of QNB, suggesting that the dissociation
rate of CD is much faster than that of QNB. Indeed, we
have found that addition of 10 um atropine to a [PH]JCD
binding assay which has already reached equilibrium
causes complete inhibition of binding within 15 min.*
The dissociation rate of [’THJQNB has been shown to be
much slower (7, 9). In agreement with the theoretical
predictions for competition experiments involving a non-
labeled drug which has a smaller dissociation rate con-
stant than that of the labeled drug, we observed a shift
to the left in the QNB/[*H]CD competition curve as
equilibrium was approached.

It should be emphasized that the bimolecular interac-
tion model used in the present study is a simplification
of ligand interactions with neurotransmitter receptors. It
is reasonable to assume that agonists induce a confor-
mational change in the receptor, and thermodynamic
evidence-in support of agonist-isomerization of the beta-
adrenergic receptor has been obtained (12). However, if
the agonist-induced isomerization process is rapid with
respect to the rate of ligand binding, kinetics consistent
with a bimolecular interaction will occur. Also, evidence
has accumulated which suggests that muscarinic antag-
onists induce a conformational change in muscarinic
receptors (13-15). Thus, the theoretical competition
curves shown in this study should be considered approx-
imate as compared with a more realistic model which
would account for ligand-receptor isomerization. How-
ever, the agreement of the experimental results with the
theoretical predictions suggests that the kinetics of com-
petitive inhibition can be described generally by a bi-
molecular process. The mathematical analysis of the
kinetics of ligand-receptor isomerization has been de-
scribed by Van Ginneken (2).

The results of the present study suggest caution in
designing and interpreting competitive inhibition exper-
iments. We have noticed that some investigators have
measured the percentage inhibition of *H-labeled antag-
onist binding by a given concentration of an agonist at
various incubation times as a method of detecting ago-
nist-induced densensitization. The usual interpretation
of the data is that a lack of a time-dependent change in

*F. J. Ehlert, W. R. Roeske, and H. 1. Yamamura, unpublished
observations.
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the percentage inhibition of binding represents no change
in agonist affinity, whereas a time-dependent reduction
in the inhibition of binding is indicative of agonist-in-
duced desensitization. The data in our study demonstrate
that, if the dissociation rate constant of the agonist is
greater than that of the *H-labeled antagonist, a time-
dependent reduction in agonist inhibition of *H-labeled
antagonist binding is completely consistent with the ki-
netics of competitive inhibition assuming no desensiti-
zation. Experimental results showing no change in the
percentage inhibition of binding might be construed as
evidence for a time-dependent enhancement of agonist
affinity. In any case, the kinetics of competitive inhibition
is complex, and the interpretation of these kinds of data
should not rely heavily on intuitive notions.
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